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Abstract

Within the framework of inverse Lie problems we give some non—trivial ex-
amples of Lie-remarkable equations, i.e., classes of partial differential equations
that are in one—to—one correspondence with their Lie point symmetries. In par-
ticular, we prove that the second order Monge-Ampere equation in two indepen-
dent variables is Lie-remarkable. The same property is shared by some classes
of second order Monge-Ampere equations involving more than two independent
variables, as well as by some classes of higher order Monge-Ampere equations in
two independent variables. In closing, also the minimal surface equation in R? is
considered.

1 Introduction

Lie group analysis (see Refs. [1, 2, 3, 4, 5, 6, 7]) is a formidable tool for investigating
differential equations in a general framework without using ad hoc methods: it may be
used for determining the admitted symmetries useful for finding invariant solutions to
differential equations, reducing the order of ordinary differential equations, transforming
differential equations in more convenient forms [4, 8], etc.
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Roughly speaking, in dealing with Lie group analysis of partial differential equations
(PDE’s), either a direct problem or an inverse one may be considered. In the direct
problem, starting with a system of PDE’s

A (X, u, u(k)) =0, (1)

where A is an assigned function of the independent variables x € R", the dependent

variables u € R™, and u®) (the set of all partial derivatives of the u’s with respect to the

x’s up to the order k), one is interested to find the admitted group of Lie symmetries.
Let us consider a one-parameter (€) Lie group of point transformations

x'=X(x,u;¢), u* =U(x,ue), (2)

(the transformation (2) for e = 0 reduces to identity).
The system (1) is invariant with respect to (2) if

A (x, u, u(k)) =A (x*, u”, u*(k)> =0. (3)

By expanding transformation (2) around € = 0, one gets the infinitesimal transfor-
mation

+ O(€?) = x + e€(x,u) + O(e?),
e=0

x* = x—l—%X(x,u;e)

+0(e%) = u+en(x,u) + O(e?),
e=0

u = u—l—iU(X,u;e)
de

to which it corresponds the infinitesimal operator (vector field)

_ u 0 - 0
::;&%4—;%&1%- (4)

i

The straightforward Lie algorithm|3, 4] allows us to derive the general form of in-
finitesimal generators &; and 14 of the Lie group admitted by (1) by solving an overde-
termined system of linear PDE’s arising from

d ~

EA(X*’ 1_1*7 u*(k))

= Z2WA(x,u,u®)| =0,
e=0,A(x,u,u*))=0 A(x,u,u(*®))=0

where 2% is the k-th prolongation of = up to the order k; =* is obtained by using some
recurrence relations accounting for the transformations of derivatives. The integration
of the determining equations gives the infinitesimal operators =Z; admitted by the system
(1); these vector fields span a Lie algebra that can be finite or infinite dimensional.

The above constructions admit a standard geometrical interpretation. Eq. (1) can
be seen as a submanifold in the space with coordinates (x,u,ul®)) (the jet space[3]);
then the operator =®) is just a vector field on the jet space, and is a symmetry if it is
tangent to the submanifold (1).
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On the contrary, in the inverse problem one chooses a Lie group of symmetries and
determines the most general system (having an assigned structure) admitting it[9].

By imposing the invariance of an unspecified system of partial differential equations
with respect to an assigned Lie group of symmetries one obtains a system of linear
partial differential equations whose solution leads to consider the differential invariants
of the Lie group[10, 5].

1 Definition. (see Ref. [11]) The function
I(x,u,u®)

is called a differential invariant of order k for the Lie algebra £ spanned by the vector

fields =Z; (i =1,...,p) if
= 10w, u®) = N u®) I u®), (i=1,..,p),

where \;(x,u,u*)) are some functions of the indicated arguments. If all the functions
A; are vanishing, [ is said an absolute differential invariant, whereas if some function
A # 0, I is said a relative differential invariant. O

When the inverse Lie problem is considered, a maximal set of functionally inde-
pendent differential invariants for the Lie algebra £ is required[5]. The most general
equation left invariant with respect to £ will be given as an arbitrary function of the dif-
ferential invariants. Within this context an interesting question may arise whether there
exist non-trivial equations which are in one-to-one correspondence with their invariance
groups (see Refs. [12, 13]). To this purpose, let us give the following definition[14].

2 Definition. Suppose we have a (system of) equation(s)

A (x, u, u(k)) =0, (5)

with A assigned function of its arguments, and determine the infinitesimal operators of
its Lie symmetries, say

—_ —_

=1, =9, ceey Ep. (6)

In general, if we consider a general system of PDE’s
A (x, u, u(k)) =0, (7)

with A unspecified function of its arguments, and, by requiring that (7) has the Lie
point symmetries (6), we find that
A=A, (8)

then we call (5) a Lie-remarkable (system of) equation(s). d

In Ref. [15] this definition has been formulated from a geometric point of view,
and the further subdivision of Lie-remarkable equations into strong and weak Lie—
remarkable equations has been considered.
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2 Second order Monge-Ampere equations

The second order Monge-Ampere equation in two independent variables, introduced by
Ampere[16] in 1815, has the form

Huy + 2Kty + Lty + M + N(ugty, —ui,) = 0, (9)

where the coefficients H, K, L, M, N (N # 0) depend on t, z, u, u, u,.

In 1968, Boillat[17] discovered that (9) is the only second order equation possessing
the property of complete exceptionality in the Lax[18] sense.

The property of complete exceptionality has been used to derive Monge-Ampere
equations involving more than two independent variables (see Refs. [19, 20, 21]). Given
an unknown field u(xg, z1,...,2,) (2o denoting the time), and its associated Hessian
matrix, the most general second order PDE being completely exceptional (and called
Monge-Ampere equation) is provided by a linear combination of all minors extracted
from the Hessian matrix, with coefficients depending at most on x,, v and first order
derivatives of wu.

Here we want to stress that Monge-Ampere equations, in addition to the complete
exceptionality, possess another remarkable property, that of being uniquely charac-
terized by their Lie point symmetries. We first analyze the classical Monge-Ampere
equation in two independent variables, then we will consider generalizations to three
independent variables and to higher order equations.

3 Theorem. The classical Monge-Ampere equation written in the form
| (uttu:r::c - u{?a;) + Kol + KalUiz + Kallgy + Ks = 07 (1())
where the coefficients k; (k1 # 0) are constant, is Lie-remarkable.

Proof. In fact, Eq. (10) is invariant with respect to a Lie group of point transformations
spanning a 9—dimensional Lie Algebra £ generated by the following vector fields:

H1—§7 —‘2_%’ ‘—'3_%7
— 0 _ 0
:4215%7 S5 = Lo
— 2 2 (9
g — Kllta —/4311'%4—(/{237 —I{4t )%,

0 0
e t? — 2kpat) —
7 K1 o7 + (K3 Ko )8u’

0 0
Eg = 2k1x— + (—ko? 2 4 2kqu) —,
8 St + (—Rox” + Ryt” + 2Ku) 5

Zg = 2k17— + (k32? — 2K41t)

ot ou’
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If we want to look for the second order partial differential equation
A(t7x7u7ut7uzautt)utm7uzx) :Ou (11>

where A is an unspecified function of the indicated arguments, admitting the Lie algebra
L, we need to find the associated second order differential invariants. From a geometric
point of view, a scalar second order partial differential equation in two independent
variables characterizes a submanifold of dimension 7 in the 8-dimensional jet space
whose coordinates are (¢, x, u, Uz, Uz, Ugg, Ugg, Ugy)-

The second order prolongations of the admitted vector fields give rise to a distribu-
tion of rank 7, and this implies that a single second order differential invariant exists,
say

I = k1 (UgUge — U2,) + Kolly + K3l + Kallgy. (12)

Therefore, the most general second order partial differential equation left invariant
by the Lie algebra of point transformations of Eq. (10) has the form

A(D) =0, (13)
whereupon it follows

I = Kk = constant; (14)
thus, we have an equation belonging to the same class as (10); by choosing kK = —ks,
we recover exactly the Monge-Ampere equation (10). [

Let us now consider the second order Monge-Ampere equation in three independent
variables[19]

R1 [utt (umuyy - uiy) + um<utyuzy - utzuyy + uty(uta:u:vy - utyumx)]
2 (Ugatlyy — uiy) + K3(Uty Uy — Ugallyy) + Ka(UtpUzy — UtyUsy)
+hs (Untiyy — up,) + Ko (Ualey — Unliay) + K7 (Uglias — U,)

FRgUy + KUy + K1oUty + K11Uze + K12Ugy + K13Uyy + K14 = 0, (15)

where k; (i =1,...,14) are taken constant.

The explicit determination of the infinitesimal generators of the admitted Lie group
results quite complicated and the use of Computer Algebra packages|[7] reveals ex-
tremely memory consuming since the expression of the infinitesimals involves thousands
of terms.

Without loss of generality, it is possible to introduce the substitution

U — u~+ at? + astr + asty + oux? + asTY + a6y2,

where «; are suitable constants, and reduce Eq. (15) to an equivalent form where the
linear terms in the derivatives disappear, that is, we may consider Eq. (15) with kg =
Kg = Kig = k11 = K12 = K13 = 0. Since the introduced transformation is invertible,
both equations admit the same point symmetries.
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In general, the Lie algebra of point symmetries of Eq. (15) (with kg = kg = K19 =
K11 = K12 = k13 = 0) is 11-dimensional; since Eq. (15) represents a 12-dimensional sub-
manifold in the 13-dimensional jet space with coordinates (t,z,y, u, us, Uy, Uy, U, Uty
Uy, Ugg, Ugy, Uyy ), & 12-dimensional distribution generated by point symmetries is needed
in order to determine a single second order differential invariant. Consequently, Eq. (15)
can not be in general Lie-remarkable. Nevertheless, the following theorem can be
proved.

4 Theorem. Fquation (15) (with kg = kg = K19 = K11 = K12 = k13 = 0), when the
coefficients are such that

k1 =1, lig/ig — Kakgkg + Kiks — (dKgks — /{%)/{7 =0, (16)
1s Lie—remarkable.

Proof. When the conditions (16) are satisfied, the Lie algebra admitted by Eq. (15) is
13-dimensional and is spanned by the following vector fields:

= _9 = _09 = 0 = _0
1= Z2 =50 == 5y 247 o
- 0 _ 9, _ 9]
:5:t%, :6:25%, :7:y%,
_ 0 0 0 0
Es :ta+x%—l—ya—y+2u%,
— R3K4 — 2%2/16 0
=0T (x N K3 — 4Kaks y> ot
(2rat + K + Kay) (K32 + Kakay — 2ra(2k57 + Key)) O
B 2(Kk% — dkgks) ou’

_ 0
E10 = (2R4R5 — /§3K6)y§ + (2/@%1‘ + KgRyy — 2ko(4Ks2 + /ﬁlﬁy))%

0
+ (k5 — 4/€2/€5)Z/8—y + (K3 — 4hgkis ) (2u + kat® — Kisa?)
— 2(K3kaksT + Ko(2kykst — Ke(Rat + 2K57)))y
0
ou’

211 = —2(/{13/{4 — 2%2%6)(—2,%4/435 + Hglﬁ@)ya

— (Kiks — rakg)y’)

+ 2(K2 — dkgks) (Kaky — 2Koke)T——

ox

o)
+ 2(K3 — dkoks) (K3T + 2K3k4y — dko(Ksz + Kﬁy))a—y

+ (—(lig — 4%2%5)(-2(%3%4 — 2%2%6)(216 + I€2t2)
+ 2h9(—2k4k5 + Kake)tT + (K3 — dKoks)KeT?)

— 2(Ko(—K3ka + 2K2k6)(—2K4K5 + K3k )t
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+ (4kgkikE + K3ka(K3 — SKoks) ke

0
+ Iﬁg(—lig + 81{2:‘£5)Ii§)5(])y — Rg(K3kg — 2/{2/16)23;2)%,

0
+ 2(Kk3 — dkgks ) (—2K4k5 + H3I€6)$%

Bl = —2(—2k4k5 + Kake) Y=

ot

0
+ 2(m§ - 4/{2115)(/{%15 + 2k3keY — 4ks (Kot + my))@_y

— (K3 — 4kgks)(—2ke(2K3u + Kokst® + 2kakstT)
+ kg (8ksu + K32 + 2k3kstr))
— 2(Kk3ky — 2koke) K3kt — 2ks5(Koket + KaksT)

+ K3(—Rqkst + RskeT))y

0
+ 56(—,‘{3/14 + 2H2K6)<—2/€4/€5 + 5356)y2_7

ou

Sz = 2(—-2 2y—
13 = 2(—2Kaks5 + Kake) Yo

2(K3 — 4kgrs) (Kakat — 2Kkt + 4kgksT — 2K3H6$)8—
x
— 2(k3 — 4kaks)(—2Kaksy + ff2f€6?/)a_y
— (K3 — 4koks)(2k6(2k3U — 2Kokstr — Kaksz?)
Ka(K3t + 2k5(—4u — 2Kot® + Kgtx + 2k577)))

— 2(

3
+ K

(kiks(—HK3 + Skaks) + Kaka(k3 — Skoks)ke + dkakske )t
+ k5(K3ky — 2K9kKe)(2K4K5 — K3Ke)T)Y
(—

ki4kis + Kake) Yy =—.

ou

The second order prolongations of these vector fields give rise to a distribution of
rank 12, and we obtain the following second order differential invariant:

I = (uplgpty, — uttuiy — ufxuyy + 204 Uy Ugyy — u?yum)
+ Ko (Ugtyy — “iy) — K3 (UtpUyy — UtyUsy) + Ka(Utg Uy — UryUay)
+  Ks(uptyy — ufy) — Ko (Utp Uy — Ugpllsy) + For(Upplgy — UZ,). (17)

Therefore, the most general second order partial differential equation in three inde-
pendent variables left invariant with respect to the Lie symmetries of Eq. (15), along
with the conditions (16), has the form

A(D) =0, (18)
where A is an arbitrary function of its argument. Similar reasonings as before allow us
to say that Eq. (15), when the conditions (16) hold, is Lie-remarkable. O

More generally, it is possible to prove that second order Monge-Ampere equations
involving more than three independent variables, when some conditions involving their
coefficients are satisfied, are instances of Lie-remarkable equations.
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3 Higher order Monge-Ampeére equations

The property of complete exceptionality has been used by Boillat[22] to determine
higher order Monge-Ampere equations for the unknown w(t, ).

By considering an equation of order N > 2, it is necessary to distinguish the case
where N is even from the case where N is odd. If N = 2M, the most general nonlinear
completely exceptional equation is given by a linear combination of all minors, including
the determinant, of the following Hankel matrix:

Xo X X5 s Xy Xy
X, X5 X3 oo Xy Xy
H=1| ... , (19)
X1 Xuo Xusr o0 Xoyo Xoy
Xy Xy Xupe o0 Xoyo1r Xow
oNu . .
where X; = SN In the case where N = 2M — 1, we have to consider the linear
1 T —1

combination of all minors extracted from (19) where the last row has been removed.
In both cases the coefficients of the linear combination are functions of ¢, x, u and its
derivatives up to the order N — 1. In the following we shall limit ourselves to the case
where these coefficients are constant. By considering the third order Monge-Ampere
equation

~ 2 ~ ~ 2
K1 (uttzu:r:m: - ut;pg;) + R2 (utttuzmr - uttmuta:x) + R3 (utttut:v:v - uttg;)
Rttt + Rliste + Reliae + Rrllges + ks = 0, (20)

the substitution

U — u+ a1t3 + a2t2x + agth + a4z3

provides the equation

1 (Ut Upar — Uigy) + Ko (Unttlpre — Usalize) + K3 (Ustles — Uspy) = K. (21)

The Lie algebra of point symmetries of Eq. (21) is 10-dimensional; since this equa-
tion is a 11-dimensional submanifold in the 12-dimensional jet space with coordinates
(t, 2, Uy Ugy Ugy Ugpy gy U, Uggty Ugpaey Uty Ugarr), & 11-dimensional distribution generated
by point symmetries is needed in order to determine a single second order differen-
tial invariant. Therefore, Eq. (21) is not in general Lie-remarkable. Nevertheless, the
following theorem can be proved.

5 Theorem. The equation

(utta:uxxx - thxz) + )\(utttuzxx - uttxutxx) + )\2 (utttutxx - thtx) = M, (22>
where
K3 RR3
A= 0 H = T2
1%2 /{2

2

obtained from (21) by choosing k1 = @, is Lie-remarkable.
K3
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Proof. The Lie algebra of point symmetries admitted by (22) is infinite-dimensional
and is spanned by the vector fields

= _ 9 = _2 = _2

o = or T

_ o 0 _ 50 0

=4 = (2t - 3)\I>a - .T%, =5 = A I’& + (Qt /\I)@,

= 0 9 - 0 _ 0

=6 )\ZL’&"‘ZE%"‘QU%, g t%, =8 l’a y (23)
= _tQQ = t ﬁ =, = 2 0

=0 = o) =10 x(‘?u’ S =2 ou’

where F' is an arbitrary function of (¢ — Az).
The third order prolongations of these operators give rise to a distribution of rank
11; therefore, we are able to determine the unique third order differential invariant

I = (utta:uxx:v - u?xx) + A(utttuzxx - uttxuta:x) + )\2 (utttutxx - u?tx)? (24)
and this completes the proof. n

We may also consider fourth order Monge-Ampere equations and state, for instance,
the following theorem.

6 Theorem. The fourth order Monge-Ampére equation

2 3 2 _
utttt(uttxwux:ca:a: - umx;r) + Qutttxuttxxutxwx - U’ttx:v - uttta;ua:xwx =K, (25)

where Kk is constant, is Lie—remarkable.

Proof. In fact, the Lie algebra of point symmetries admitted by Eq. (25) is 16-dimen-
sional and is spanned by the vector fields

—1 8t7 —2 8.’17’ —3 — au7

0 0 0 0 0
Zy=t= —x—, = — 4+ 2u—, = —,
Sl T o 5= T T 6= T

0 0 0
=0 = t— =8 = t— =g = X— 26
7 ox’ 8 ou’ o wau’ (26)
S0 =12 0 =11 =tz g = = 22 0
=10 =50 =1 = =12 =T

0 0 0 0

S =t3— S =12 T o= tri— == 3
13 ou 14 x&u’ 15 x ou 16 =% Ju

Their fourth order prolongations give rise to a distribution of rank 16, whereupon
we have uniquely the fourth order differential invariant

_ 2 3 2
I = Uttt (uttzzu:p:m:x - utxmg) + 2uttt:putt:ﬂxutzzx - utm;p - utttxuaczzx> (27>

and this enables us to say that Eq. (25) is Lie-remarkable. O
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By similar arguments, it is possible to prove that the property of being uniquely
characterized by their Lie point symmetries is also shared by some Monge-Ampere
equations of order higher than the fourth.

4 Minimal surface equation in IR?

The study of minimal surface equations in IR® dates back to Lagrange (1762) who
posed the problem of determining a graph over an open set  C IR? with the least
possible area among all surfaces assuming given values on J€2. Meusnier (1776) gave
a geometric interpretation of the minimal graph equation recognizing that their mean
curvature vanishes. Also, in the middle of 19-th century Plateau observed that minimal
surfaces can be physically realized as soap films.

In IR?, at least locally, a minimal surface can be represented in the form z = u(z,y),
where the function u satisfies a quasilinear elliptic second order partial differential
equation:

Vu
v () V-,

1.€.,
(14 ) g — 2ugty Uy + (1 + u3)uy, =0, (28)
that, through the substitution y — it, provides the hyperbolic 2D Born-Infeld equation
(1 — u) gy + 2upttytiyr — (14 u2)uy = 0. (29)

Minimal surface equation is invariant with respect to a Lie group of point transfor-
mations whose vector fields

=_9 - _9 - _9

T o = o’ o’

- 0 0 _ 0 0

oy = iL‘a— a— +u a—, =5 = ax I’ay (30)
-, 2,92 - _,9_.9

==Y Yo T Yoy You

span a 7-dimensional Lie Algebra.
Since the second order prolongations of (30) give rise to a distribution of rank 7, we
have only one second order differential invariant?, say:

2
(1+ UV Uy — 2Ug Uy Uy + (1 + ui)uzy)
(1 + u2 + u2) (Ugatyy — uZ,)
The most general equation which is invariant with respect to the given Lie group

must be a function of this invariant. If we want to have an equation in normal form we
have to set

I =

(31)

I=0,

so recovering exactly the minimal surface equation.

2R. Tracina, private communication.
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