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Abstract

We consider two geometric formulations of Lagrangian formalism on fibred
manifolds: Krupka’s theory of finite order variational sequences, and Vinogradov’s
infinite order variational sequence associated with the C—spectral sequence. On
one hand, we show that the direct limit of Krupka’s variational bicomplex is a new
infinite order variational bicomplex which yields a new infinite order variational
sequence. On the other hand, by means of Vinogradov’s C—spectral sequence, we
provide a new finite order variational sequence whose direct limit turns out to
be the Vinogradov’s infinite order variational sequence. Finally, we provide an
equivalence of the two finite order and infinite order variational sequences up to
the space of Euler-Lagrange morphisms.
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Introduction

The theory of variational bicomplexes can be regarded as the natural geometrical set-
ting for the calculus of variations [1, 2,10, 11,/15,/19, 20, 21, 22, 23| 24]. The geometric
objects which appear in the calculus of variations find a place on the vertices of a varia-
tional bicomplex, and are related by the morphisms of the bicomplex. Such morphisms
are closely related to the differential of forms. Moreover, the global inverse problem is
solved in this context.

The purpose of this paper is to compare Krupka’s finite order formulation [10] to
the infinite order formulation by Vinogradov [23, 24].

Krupka’s finite order variational sequence is produced when one quotients the de
Rham sequence on a finite order jet space by means of an intrinsically defined sub-
sequence. So, the morphisms of this bicomplex are either the differential of forms, or
inclusions, or quotient morphisms. A finite order formulation of variational bicomplexes
can help in keeping trace of the order of the geometric objects involved at each vertex
of the bicomplex. But this yields several technical difficulties. For an intrinsic analysis
of this theory, based on the structure form on jets [13] and the first variation formula
[9], see [28].

The formulation of Vinogradov is carried on by means of the C—spectral sequence.
This is a very general framework, by which one can formulate the variational sequences
also in the case of the spaces of infinite jets of m dimensional submanifolds of a given
m + n dimensional manifold. Moreover, C—spectral sequences play an important role in
the theory of ordinary and partial differential equations, and in quantum mechanics and
field theory. Here, we consider the variational sequence associated with the C—spectral
sequence of the infinite order de Rham exact sequence. Roughly speaking, the infinite
order de Rham exact sequence is made by forms on jet spaces of any order. This is a
wiewpoint that allows to skip several hard technical difficulties. In fact, one has not
to worry about the order of the objects or the operators. The relationship between
Tulezyjew’s and Vinogradov’s formulations has been analysed in [4].

Here, we give a new finite order formulation of variational sequences using the
C—spectral sequence on finite order jet spaces. The direct limit of this finite order
C—spectral sequence turns out to be Vinogradov’s infinite order C—spectral sequence.

Then, we evaluate the direct limit of Krupka’s variational bicomplex, finding a new
infinite order variational sequence.

Finally, we do a comparison of both finite and infinite order variational sequences
finding that they are isomorphic up to the space of Euler-Lagrange morphisms.

So, the logical scheme of this paper is summarised by the following diagram

New infinite—order _ Vinogradov’s infinite—order
formulation — formulation

lim lim
-y -

Krupka’s finite-order - New finite-order
formulation —  formulation
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A final discussion has to be devoted to the language used in the paper. While
Krupka’s approach is carried on by means of the language of sheaves (see, for example,
[29]), Vinogradov’s approach uses an algebraic language (see [8] and references therein).
Here, in order to compare the above approaches with a unique language, we found easier
to left Krupka’s approach unchanged and to use a presheaf approach for the C—spectral
sequence. In fact, the C—spectral sequence is defined in the category of differential
groups (Appendix B), but, in our case, it can be carried on easily to presheaves. Of
course, the algebraic language is a very powerful and natural tool, and in the next
future much more could be said about finite order C—spectral sequences, for example in
the case of jets of submanifolds.

We observe that a basic introduction to spectral sequences is provided in Appendix
B, in order to make the paper self-contained.

We end the introduction with some mathematical conventions. In this paper, mani-
folds are connected and C*°, and maps between manifolds are C'*°. Morphisms of fibred
manifolds (and hence bundles) are morphisms over the identity of the base manifold,
unless otherwise specified.

We make use of definitions and results on presheaves and sheaves from [29]. In par-
ticular, we are concerned only with (pre)sheaves of IR-vector spaces, hence ‘(pre)sheaf
morphism’ stands for morphism of (pre)sheaves of IR—vector spaces. We denote by Sy
the set of sections of a (pre)sheaf S over a topological space X defined on the open
subset U C X. We recall that a sequence of (pre)sheaves over X is said to be exact if it
is locally exact (see [29] for a more precise definition). If A, B are two sub(pre)sheaves
of a sheaf S, then the wedge product AA B is defined to be the sub(pre)sheaf of sections

of /2\8 generated by wedge products of sections of A and B.

We recall that a sheaf S over X is said to be soft if each section defined on a closed
subset C' C X can be extended to a section defined on any open subset U such that
C C U. Moreover, § is said to be fine if it admits a partition of unity. A fine sheaf is
also a soft sheaf. The sheaf of sections of a vector bundle is a fine sheaf, hence a soft
sheaf.

Let {S, }nen be a family of (pre)sheaves and {¢" : S;, — S }nmenn<m be a family
of injective (pre)sheaf morphisms such that, for all n,m,p € N, n < m < p, we have
b oo =P and (! = ids,. We say {S,,} to be an injective system. We define the direct
limit of the injective system to be the (pre)sheaf

S = |_|Sn/~,

neN

where ~ is the equivalence relation defined as follows. For each s € S,, and s’ € S, if
n </, then s ~ s’ if and only if /' (s) = 5.

) Acknowledgements. I would like to thank I. Kolar, D. Krupka, M. Modugno, J.
Stefanek and A. Vinogradov for stimulating discussions.
Diagrams have been drawn by P. Taylor’s diagrams macro package.
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1 Jet spaces

In this section we recall some facts on jet spaces. We start with the definition of jet
space, then we introduce the contact maps. We study the natural sheaves of forms on
jet spaces which arise from the fibring and the contact maps. Finally, we introduce the
horizontal and vertical differential of forms on jet spaces.

Jet spaces

Our framework is a fibred manifold
m:Y — X,

with dim X =n and dimY =n + m.
We deal with the tangent bundle 7Y — Y, the tangent prolongation T'w : TY —
TX and the vertical bundle VY := kerTm — Y.

Moreover, for 0 < r, we are concerned with the r—th jet space J,Y; in particular,
we set JoY =Y. We recall the natural fibrings

. .Y — LY, ™Y - X,
and the affine bundle
T Y — J. 1Y

associated with the vector bundle

OTX ® VY = J_1Y,

JraY
for 0 < s <r. A detailed account of the theory of jets can be found in [13, 11, 17].

Charts on Y adapted to the fibring are denoted by (2*,4%). Greek indices \, y, . . .
run from 1 to n and label base coordinates, Latin indices ¢, j,... run from 1 to m and
label fibre coordinates, unles otherwise specified. We denote by (9, 9;) and (d*,d?),
respectively, the local bases of vector fields and 1-forms on Y induced by an adapted
chart.

We denote multi-indices of dimension n by underlined latin letters such as p =
(p1s- .. pn), With 0 < p1, ..., py; by identifying the index A with a multi-index according
to

A~ (P1y e Piseypn) =(0,...,1,...,0),

we can write

p+A=(p1,-.,pi+1,...,pn).
We also set |p| := py+ -+ p, and p! := pi!...py!.
The charts induced on J, Y are denoted by (z°, y;), with 0 < [p| < 7; in particular,
if [p| = 0, then we set yg = y%. The local vector fields and forms of .J, Y induced by the
fibre coordinates are denoted by (8’3) and (d;), 0 < |p| <r,1<i<m, respectively.

)



R. Vitolo 5

Contact maps

A fundamental role is played in this paper by the “contact maps” on jet spaces (see [13]).
Namely, for 1 < r, we consider the natural injective fibred morphism over J,.Y — J, 1Y

1LY xTX - TJ_,Y,
X

and the complementary surjective fibred morphism

9. : .Y x TJ._.Y -VJ_ Y,

JrY
whose coordinate expression are
ﬂrsz®ﬂm=dA®(8A+yéH8]£), 0<|p| <r—1,
0p = B@0; = (d) —y) \d )@,  0<[p|<r—1.
We stress that
(1) o oY, =9, 20, =0
(2) (9,)% =, (m)? = m,

The transpose of the map 9, is the injective fibred morphism over J,Y — J, 1Y

9 LY x VLY T J,_Y.
Jr_1Y

We have the remarkable vector subbundle

(3) imdr CJY x T°J... Y CT"JY,
Jr1Y

and, for 0 <t < s < r, the fibred inclusions

(4) LY x imd; C J,Y x imd; Cim7; .
LY JY
The above vector subbundle im 9 yields the splitting [13]

(5) LY x T*JT_IY:(JTY x T*X)@imﬁj.

J7~_1Y JT—1Y

Distinguished sheaves of forms

We are concerned with some distinguished sheaves of forms on jet spaces.

Remark 1.1. The manifold Y is a differentiable retract of J.Y, hence the de Rham
cohomologies of Y and J,Y are isomorphic. Therefore, we reduce (pre)sheaves on J,Y
to sheaves on Y by considering for each (pre)sheaf S on J, Y the (pre)sheaf induced by
S by restricting to the tube topology on J,.Y, i.e. , the topology generated by open sets
of the kind (74) " (U), with U C Y open in Y. So, from now on, the (pre)sheaves of
forms on J, Y and the related sub(pre)sheaves will be considered as (pre)sheaves over
the topological space Y of the above kind. O
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Let 0 < k.

k
1. First of all, for 0 < r, we consider the standard sheaf A, of k—forms on J,.Y

k
a:J,Y - ANT*J.Y .

k k
2. Then, for 0 < s < r, we consider the sheaves H. s and H, of horizontal forms,
i.e. of local fibred morphisms over J,Y — J,Y and J, Y — X of the type

k k
a:J,Y - ANT* LY and G:J.Y = NT" X,
respectively. In coordinates, if 0 < k < n, then

a=a dp Ao N NN
=h

i1.0p, Al Ak

ﬁ:ﬁ)\l_“,\kd /\.../\d)\k;
if kK > n, then

Bl"'kanJrl i]_ ik m A A
= . : +1 1+1 n
[0 &21...%,”“ Ait1An dB1 d,k ot Ad N . Ad y

0
Here, the coordinate functions are sections of A,, and the indices’range is 0 <
|]_9j| <s,0<h<kand 0 <[ <n. Weremark that, in the coordinate expression

by

of a, the indices A; are suppressed if h = k or [ = n, and the indices i, are

suppressed if h = 0.

k k k
Clearly H,»y = A, and ‘H, = 0 for k > n.
[f0<g<rand0<t<s<r, then pull-back by m, yields the sheaf inclusions

k k k k k k
Hy~7m"Hy CHy CHegy C Hers) C Ay
k - k k k
Aq =, Aq C H(r,q) C AT .

The above inclusions are proper inclusions if t < s < r and ¢ < r. Indeed, not all
sections of the pull-back of a bundle (like J,Y X T*J,Y') are the pull-back of

some section of the bundle itself. In fact, we deal with two different operations:
pull-back of bundles and pull-back of sections (forms).

k i
3. For 0 < s < r, we consider the subsheaf C, sy C H( ) of contact forms, i.e. of

local fibred morphisms over J, Y — J,Y of the type

k k
a: .Y — Aimd;  C ANT*JY .



R. Vitolo 7

k
Due to the injectivity of ¥ 4 the subsheaf C(, s turns out to be the sheaf of

k
local fibred morphisms a € H(m) which factorise as a = AV oq, through the
composition

a /\195+1

J Y /\T*JSY.

JnY X AVF LY D
JsY

k
Thus, a € C,4) if and only if its coordinate expression is of the type

og—OF pkﬁll /\ﬁé’; 0§’]_91’7--‘>’]_9k‘§87

11...2k

with o2 2 ¢ A

i1...0
Ifr<r,s<sand0<s<r 0<s <71 then we have the inclusions (see (3)

and (4))

k k
Cirs) C Cl,)

k k k
4. Furthermore, we consider the subsheaf HY C H, of local fibred morphisms a € H,
such that « is a polynomial fibred morphism over J,_1Y — X of degree k. Thus,

k
in coordinates, o € Hf it and only if vy, .z, : J»Y — IR is a polynomial map of
degree k with respect to the coordinates y., with [p| = 7.

k k
5. Finally, we consider the subsheaf C, C C(.41,) of local fibred morphisms o €
k k
C(r+1,) such that a projects down on J, Y. Thus, in coordinates, a € C, if and

only if sl e A

11 g

Main splitting

The maps m, and ¢, induce two important derivations of degree 0 (see [17]), namely
the interior products by mx, and 9,

k k k k
i =gt N — Ay, by = 19,4, - N — Ay,

which make sense by taking into account the natural inclusions J,Y x T*X C T*J,.Y
X

and VJ.Y C TJ.Y.
The fibred splitting yields a fundamental sheaf splitting.

Lemma 1.1. We have the splitting

1 1 1

H(r+1,T) = HT+1 ® C(T‘FLT) ’
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where the projection on the first factor and on the second factor are given, respectively,
by

1 1 1
H:Hipqr0) — Hepr = a0, ViHesir) = Chogpip) 1 @ = iy .

1 .
If o € H(y41,) has the coordinate expression a = ard + Oz?d; (0< p< r), then

H(a) = (ay + yéoz?) d* V(ia) = a?ﬁz :
1
Proposition 1.1. The above splitting of H 41, induces the splitting

k —
7“+1 r) @ C (r+1,r) /\ 7_{7"-1—1
=0

(see Appendiz A).

We recall that, in the above splitting, direct summands with [ > n vanish.
We set H to be the projection of the above splitting on the summand with the
highest degree of the horizontal factor.

Proposition 1.2. If k < n, then we have

k k 1
H:Hypp)— Hep1 i ae EDkﬂrH(a) :

if k > n, then we have

k k—n n
H: H(T+1,T) — C (r+1,r) A Hr+1 B m (Dkinﬁqurll:lnﬂqurl) (a) .

PROOF. See Appendix A. QED
We set also
Vi=Id—H
to be the projection complementary to H.

Remark 1.2. If £ < n, then we have the coordinate expression
‘ J Py-y A A
H(a) :y;ﬁ/\l...yg;“ha“ [ VD W A A

with 0 < h < k. If £ > n, then we have

PPy
quﬁ')‘l' yq Yy i el J1ee i ML An

DA TIADE AN A LA dM
2

—k n+l
where 0 <[ <n and the sum is over the subsets

J1 Ji C i1 Uk—ntl
4 L {81 Py nyi

and 7. stands for suppressed indexes (and corresponding contact forms) belonging to
one of the above subsets. O



R. Vitolo 9

Now, we apply the conclusion of remark [8.1/ of the Appendix A to the subsheaf
k

k k
A, C H41,). To this aim, we want to find the image of A, under the projections of
the above splitting.

k
We denote the restrictions of H,V to A, by h,v. Next theorem is devoted to a

k
characterisation of the image of A, under h.

Theorem 1.1. Let 0 < k < n, and denote
ko k
Hy = h(Ay).

k k
Then, we have the inclusion H",, C HE, ;.
k k
Moreover, the sheaf Hf}H admits the following characterisation: a section o € H,il

k k
is a section of the subsheaf Hf}H if and only if there exists a section 3 € A, such that
(Jr8)"B = (Jr+15)

for each section s : X — Y.

PrOOF. If s: X — Y is a section, then the following identities

(Jrs)" 0 = (Jr415)"h(B) (Jr418)"0(F) =0,
yield
a=hpB) &  (rs)B=(rns)a
for all a € 715[,{11 and 8 € XT. QED

k
Remark 1.3. It comes from the above Theorem that not any section of HZ,, is a
k k
section of H! +1; indeed, a section of HE 41 in general contains ‘too many monomials’
k
with respect to a section of H”, ;. This can be seen by means of the following example.

1
Consider a one—form # € Ag. Then we have the coordinate expressions
B =Bd + G h(B) = (Bx + yaBi)d*.

1
If « € HY, then we have the coordinate expression

a=(a+ yﬂayx)dA'

1
It is evident that, in general, there does not exists 5 € A, such that h(3) = a. O
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Corollary 1.1. Let dim X = 1. Then we have

1 1
h _ q/P
Hypr =Hops -

PROOF. From the above coordinate expressions. See also [26]. QED

k
Lemma 1.2. The sheaf morphisms H,V restrict on the sheaf A, to the surjective sheaf
morphisms

1 1 1 1
h:Ar—>H7I}+1, v:A, —C,.
PRrROOF. The restriction of H has already been studied. As for the restriction of V,

1
it is easy to see by means of a partition of the unity that it is surjective on C,. QED

Theorem 1.2. The splitting of proposition|1.1 yields the inclusion
k
k k—1 l
AcEp e nHl,,
1=0

and the splitting projections restrict to surjective maps.
PRrooOF. In fact, for any [ < k the restriction of the projection

k k-l l
H(r+l,r) — C (r+1,r) A HrJrl

k
of the splitting of proposition|1.1 to the sheaf A, takes the form
k k—1 L k—1 !
AT — C r /\Hr+1 C C (r+1,7) /\HT+1 .
The above inclusion can be tested in coordinates. For the sake of simplicity, let us

k—1 l
consider a global section a € C, A Hf 1 where 0 <1 < n. We have the coordinate
expression

; ; R B
— o J1 Jh 21 L1417 A
Q= ygl-i-)\l e ‘ygh+>\hai1 ey 1o fR AR TN

N N
RARERRAL . :
0
where 0 < [p |, g < 7 and 0 < h < n. If {¢;} is a partition of the unity on A,
subordinate to a coordinate atlas, let
~8;...8

e e r t1 tr A1 Ak
o = wlan...tr /\r+1~~~)\kd§1 /\.../\dET ANdYTUAN LN ,

where the set of pairs of indices {211 . g’”} is a permutation of the set of pairs of indices
. - . k k=l 1
{Zgll . .Zg’j:léll . éll }. Then Y, @; is a global section of A, whose projection on C , AH!
is a.
The proof is analogous for £ > n. QED

We remark that, in general, the above inclusion is a proper inclusion: in general, a

k
sum of elements of the direct summands is not an element of A,.
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k
Corollary 1.2. The sheaf morphism H restricts on the sheaf A, to the surjective sheaf
morphisms

k k
h:Ar—>Hr+1 E<n, h:Ar—>C /\Hr+1 kE>n.

Horizontal and vertical differential

The derivations iy, i,, and the exterior differential d yield two derivations of degree one
(see [17]). Namely, we define the horizontal and vertical differential to be the sheaf
morphisms

k k k k
dh = ’ihOd — dOih . Ar — AT+1 , dv = ivOd — dOiU . AT — AT+17

It can be proved (see [17]) that dj, and d, fulfill the properties

E=d=0, dyod,+dyod,=0,
dy + dy, = (17 od |
(jr+15)*0dv =0, do(jrs)* = (jr+15>*odh :

The action of dj, and d, on functions f : J,.Y — IR and one—forms on J,Y uniquely
characterises d; and d,. We have the coordinate expressions

dnf = (meg)x-fd* = (Onf + y 207 ),
dyd* =0,  dpdy,=—dy \ANd*, V), = =0, N,
4 } = 3719, ,
dd =0,  dd=d Nd, A, =0,
We note that
—dy A N = =0\ Nty AN = =0 N d

Finally, next Proposition analyses the relationship of d;, and d, with the splitting of
Proposition [1.1.

Proposition 1.3. We have
k k+1 k 1 k
dh (H'r> - 7"+1 ; dv (Hr) C Cr A HT )
h k h+1 k n
dh <C(rr 1) A Hr ccC (r+1,r) /\ H r+1 dh <C(r7r—1) A Hr) = {0}7

k k+1 k k+1
dv <C(T,r1)> cc ) dv (Cr> cc T

PrROOF. From the action of dj,, d, on functions and local coordinate bases of forms.
QED
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Direct limit

The sheaf injections 7] (r > s) provide several inclusions between the sheaves of forms
previously introduced. This yields several injective systems, whose direct limit is studied
here.

We define the presheaves on Y

k k (k,h) (k,h)
A :=1lim A, , A =1lim A .

—

By simple counterexamples, it can be proved that the above presheaves are not sheaves
in general, because the gluing axiom fails to be true.

k

Remark 1.4. For any equivalence class [a] € A there exists a distinguished represen-
k (0,k) (k,0)

tative 0 € A, whose order r is minimal. The same holds for A and A . Accordingly,

k
we shall often indicate by # € A (without brackets) such a minimal section. O
k k k
Lemma 1.3. We have lim A4,y = lim A, = A.
k k k
PRrROOF. In fact, we have the inclusions A, C Agy1,) C Arps QED

Theorem 1.3. We have the natural splitting

PROOF. It comes from the above lemma and the splitting of proposition 1.1l

Remark 1.5. The above splitting represents one of the major differencies between the
finite order and the infinite order case. As we shall see, in the infinite order formulations

k
one has to deal with quotients of A by sheaves of contact forms. The above splitting
allows us to identify such quotients with ‘more concrete’ spaces (see proposition 4.2).

The situation is much more complicated in the finite order case for the lack of such a
k k
splitting. In fact, the inclusion A, C A(.41, is a proper inclusion, and we are in the bad

situation described in remark|8.1. Nevertheless, by means of the splitting of proposition
1.1, we are able to recover in the finite order case almost all features of infinite order
formulations, but in a much more difficult way (see [28]). O

k
Proposition 1.4. The sheaf morphisms d, dy,, d,, h, admit direct limits. Namely, such
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direct limits turn out to be the presheaf morphisms

ko okl
d:N— A o] —[dao],
ko k4l ko kel
dp: N — A o]l —[dpal, dy:A— A o]~ [dya],

(0,n) k
ko k A h f k<
h: A(TJrl,T) - o [a] - [ ] Zf ="

(k—n,n) k
1 o] = [B]if k>

Note that the map Z of the above proposition turns out to be the projection of the
splitting of theorem 1.3 on the factor with the highest horizontal degree; in other words,
the direct limit of the projection is the projection of the splitting of the direct limit.

We observe that we did not indicate the degree of d, d; and d,. This is both for a
matter of ‘tradition’” and not to make too heavy the notation.

Finally, next proposition analyses the relationship of d;, and d, with the splitting of
the above theorem.

Proposition 1.5. We have

(0,k) (0,k+1) (0,k) (1,k)
d(A)C A, d(A)CT A,

(k,0) (k,1) (k,0) (k+1,0)
d(A)YC A,  d(A)cC

PrROOF. From the action of dj,, d, on functions and local coordinate bases of forms.

QED

2 Finite order variational sequence

In this section, we recall the theory of variational sequences on finite order jet bundles
[10]. We give a concise summary of the theory using our notation.
We consider the de Rham exact sheaf sequence on J, Y

0 1 J
0 R— A, —% oA, — 2 . L A2 1,

where J := dim J, Y. We are able to provide several natural subsequences of the de

Rham sequence. For example, natural subsequences of the de Rham sequence arise
k 1 1
by considering the ideals generated in A, by its natural subsheaves H.s), C(rs), - .-

Not all natural subsequences of the de Rham sequence turn out to be exact. Here, we
introduce an exact natural subsequence of the de Rham sequence, which is of particular
importance in the variational calculus, although being defined independently (see [10,
20]).
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k
We introduce a new subsheaf of A,. Namely, we set

k k
CA, ={a € A, |(jr8)*a =0 for every section s: X — Y}.

The above subsheaf C/n\r is made by forms which does not give contribution to
action—like functionals. [10, 17, 27].

Lemma 2.1. We have
k k k
CA,=kerh if 0<k<n, CA.=A, if kE>n.
k
PROOF. Let a € A,. Then, for any section s : X — Y we have
(Jrs) @ = (jre18)"h(a),
k k
and « € ker h implies o € CA,.. Conversely, suppose a € CA,.. Then we have
(jr18)"h(a) = h(a)r,..n, 00118 dY A ... Ady,

hence h(a) = 0.
The first assertion comes from the above identities and dim X = n. QED

k
We set ©, to be the sheaf generated (in the sense of [29]) by the presheaf ker h +
dker h.

Remark 2.1. We stress that, in general, the sheaf axioms fail to be true for dker h.
Anyway, if dim X =1 and k > 1, the sum ker h 4+ d ker h turns out to be a direct sum
[26], and dker h turns out to be a sheaf. O

In the rest of this section, we also denote by dker h the sheaf generated by the
presheaf dker h, by an abuse of notation.

k k
Lemma 2.2. If0 < k <n, then dker h C ker h, so that ©, = CA,.

PrRoOOF. By the above Lemma, if o € ker h, then for any section s : X — Y we
have (j,$)*a = 0, hence (j,.s)*da = 0. So, da € ker h. QED

k k
It is clear that ©,. is a subsheaf of A,.. Thus, we say the following natural subsequence

1 d 2 d d 1 d

0 O, O, e O, 0

to be the contact subsequence of the de Rham sequence. We note that, in general, the

k
sheaves ©, are not the sheaves of sections of a vector subbundle of 7T%J,Y .

Remark 2.2. In general, I depends on the dimension of the fibers of J.Y — X its
value is given in [10]. O
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The following theorem is proved in [10].
Theorem 2.1. The contact subsequence is exact and soft.

Now, we introduce a bicomplex by quotienting the de Rham sequence on J,Y by
the contact subsequence. We obtain a new sequence, the variational sequence, which
turns out to be exact. In the last part of the section, we describe the relationships
between bicomplexes on jet spaces of different orders.

Proposition 2.1. The following diagram

0 0 0 0 0 0
1 2 I
0 0 0 o,—*.05 ¢ ‘.09, 1.0 .0
0 1 2 I I+1
0 R A oA, Ly L W O )

15 a commutative diagram whose rows and columns are ezxact.

PrOOF. We have to prove only the exactness of the bottom row of the diagram.
But this follows from the exactness of the other rows and of the columns.

Definition 2.1. We say the bottom row of the above diagram to be the r—th order
variational sequence associated with the fibred manifold Y — X (see [10]). O

We stress that this sequence is obtained in an intrinsic way, but it is not the unique
intrinsic one. It is obtained in order to match precise criteria, i.e. to obtain an exact
sheaf sequence that carries the appropriate information for the calculus of variations.

koo k ,
Proposition 2.2. The sheaves A, /O, are soft sheaves [10].

k k
PRrROOF. In fact, each column is a short exact sheaf sequence in which ©, and A,
are soft sheaves (see [29]). QBED

Corollary 2.1. The variational sequence is a soft resolution of the constant sheaf IR
over' Y [10)].
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PROOF. In fact, except IR, each one of the sheaves in the sequence is soft [29].

The most interesting consequence of the above corollary is the following one (for a
proof, see [29]). Let us consider the cochain complex

0 1 1 J
0 Ry (A) R (Ar /@r> o, . 1 (A) T .0
Y Y Y

and denote by Hg the k—th cohomology group of the above cochain complex.

Corollary 2.2. For all k > 0 there is a natural isomorphism
H"c/S = ng RhamY

(see [10]).

PrROOF. In fact, the Lagrangian sequence is a soft resolution of IR, hence the coho-
mology of the sheaf IR is naturally isomorphic to the cohomology of the above cochain
complex. Also, the de Rham sequence gives rise to a cochain complex of global sec-
tions, whose cohomology is naturally isomorphic to the cohomology of the sheaf IR on
Y. Hence, we have the result by a composition of isomorphisms. (See [29] for more
details on the above natural isomorphisms.) QED

3 Finite order C—spectral sequence

The C—spectral sequence has been introduced by Vinogradov [23, 24, 25]. It is a very
powerful tool in the study of differential equations.
Here, we present a new finite order approach to variational sequences by means of

the C—spectral sequence induced by the de Rham exact sequence (/*\T, d) (see Lemma
on the jet space of order r of a fibred manifold. It shall be remarked that such an
approach has already been attempted in a very particular case [5]. Indeed, our finite
order formulation presents some technical difficulties: our main tool is the splitting
of Theorem 1.2, where the direct summands have a rather complicated structure and,

k
above all, are not subsheaves of A,.
Then, we show the correspondence between the simplified finite order variational
sequence and the variational sequence obtained via the finite order C—spectral sequence.

Remark 3.1. The finite order C—spectral sequence is formulated here in the category
of presheaves of IR—vector spaces. This means that the constructions of Appendix B
will be done on any open set. We stress that the reason for doing this a lie in the fact
that, in our case, the function mapping open sets into homology groups is not a sheaf,
but just a presheaf. O
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We consider the sheaf of differential groups (/*\T, d) and the graded sheaf filtration
(CPA,, d)pen, where

Cll*\r = C/*\T ={ae€ /*\T | Vssection of Y — X (j,.s)*a =0}

* * * * * k
and CPA, is the p-th power of the ideal C'A, in A,. We set C°A, = A, and CPA, = {0}
if p > k. We recall that

p+aq p+aq
Eft=CPA,/CPTYA .
Moreover, we recall the exact sequence of Lemma 8.3|

p+q
As a preliminar step, we look for a description of the sheaves C? A ,.. To this aim,
we introduce new projections associated to the splitting of proposition 1.1
Let 0 < ¢ < n; we denote by H? the projection

ptq R Pl ¢+l
H (r4+1,7) = @ C (r+1,r) A Hr+1 ;

=1

we denote by VP the complementary projection, i.e. VP =id — HP. Of course, H? =0

if ¢ = n. Also, we denote by h? and v? the corresponding restrictions to the subsheaf
k
A,

Lemma 3.1. We have
H'=H, H?=H if ¢q=n—1.

Remark 3.2. By the above lemma, if p > 1 and ¢ < n — 1 then A? is not surjective on
p—l q+l
@l_, C, AN H"_, in general. But the most interesting cases are p =1 and ¢ =n — 1,

where h? = h is surjective.

Lemma 3.2. Let p > 1. Then, we have

p+q

CP AN, ~kerh? if g<n;
pta  ptq

C°PAN,= A, if g>n.

PRrROOF. We recall that (lemma 2.1/ and lemma [3.1) the theorem holds for p = 1.
Then, we have the identities ker H? = im V? and imV? = ((imV)?) = ((ker H)P),
where ((im V')P) denotes the ideal generated by pth exterior powers of elements of im V'

1+q k
in A,. So, by restriction to A,, we have ker h? = ((ker h)?). But, by definition and

p+q
lemma 2.1, we have C? A, = ((ker h)?), hence the result. QBED

Now, we compute (Ey, eg).
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Lemma 3.3. We have
EP? = ker h?;
pad oAb
Ey* CcCoNHy if 1< qg<n;
n A " h
Ef" ~C. NHy oy
EP? ={0} otherwise;
d=eb?: B — EPITL L ppt(a) s hPY2(da) .

PRrOOF. The first and fourth assertions are trivial. As for the second one, the
inclusion is realised via the injective morphism

p q
BB = ker 7/ ker k¥ — &, A, < o] = B4 (a).

p+n
The third statement comes from the identity h? = 0 if ¢ = n, which imply ker h? = A |

and lemma which imply that h?*! is surjective.
The sheaf morphism d can be read through the above morphism; we obtain the last
assertion. QED

Proposition 3.1. The bigraded complex (Ey,eq) is isomorphic to the sequence of co-
chain complexes

0 0 0 . 0
0

A, ker h' ker h? ker h'!
d —d d (-1)1d
i&h Eyt E! EM
d —d d (-1)1d

d

n h 1 n h 2 n h I n h
H" C, AHE, C, AHE, o C, AH",
d J\ J\ (1)15\

0 0 0 0

The sequence becomes trivial after the I-th column.
The minus signs are put in order to agree with an analogous convention on infinite
order variational bicomplexes.
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Remark 3.3. As we will see, in the infinite order case the sheaf morphism d, yields
horizontal arrows in the sequence analogous to the above one. So, we obtain a commu-
tative bicomplex. Here, we have no horizontal arrows, due to the fact that the maps d,
raise the order of the jet by one.

Another difference with the infinite order sequence is that here the sequence becomes
trivial after a certain value of the degree p. O

We note that the bottom row of the above sequence projects to 0. Also, we recall
that Fy = H(Ep), where the homology is taken with respect to the sheaf morphism dj,.
These two facts yield the following Theorem.

Theorem 3.1. We have the bicomplex

0 0

0

A, ker hP
d (—1)'d
M Ep
d (—1)'d
d (—1)1d

n P n
H? Cr A H?ﬂ

d (-1D)fd

n. _n-1 / &, D n - _ Ehip
0 —— HIfd(H ") = S (Co AHE) JAERTTY)

where the bottom row is a presheaf of cochain complexes. The bicomplex is trivial if
p > I and vertical arrows with values into the quotients are trivial projections. We
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have the identifications

Eprb_'}a+l/d r+1)
Epm = 7’+1 /d( A H 7"+1

r+1/d Gy é’n_l)/J(ér AR
[hl( )] — [hQ(dOé)],

gl

ptn -

(E AT i) = (€ n ) JEE T
(A ()] = [hp”(da)]-

PrOOF. The above identifications come directly from the definition of E;. As for
the last statement, by recalling the exact sequence of Lemma 8.3, we have by definition

1
el =mo0,

where 0 is the Bockstein operator induced by the exact sequence and 7 is the cohomology
map induced by the corresponding map 7 of the exact sequence. So, suppose that

Wl(a) € BD = Co AHE ;

pt+n
we have o € A ,.. Then,

m(da) = d(r(a)) = 0,

— p+1+n
because d raises the degree by 1 on the horizontal factor, so, daw € CP™ A ,. Being
+14n

p

d(da) = 0, da is closed in CP™ A, under the differential d, but do is not exact in
ptn ptn

CPtLU A ., i.e. there does not exist a form 3 € CP™' A, = ker h**! such that d3 = a.

p+14n
Hence, da determines a cohomology class [da] in CP™* A, which is, by definition, the
value of 6([h?™'(a)]). The map 7 maps da into h**?(da), hence the cohomology class
[da] is mapped into [APT2(da)] by 7. QED
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Theorem 3.2. We have the commutative diagram

0

0

A,
d

1
Hy
d
d
ﬁh
T \é_}z‘

NS vy SR - Y S 7 ln—1 Ehnt
0 HyJd(H ) == (Cr AHypy) Jd(Ey™ )
0
where &, = £ od, and the sequence
7 En

En n &, 1 n e
— H; (Co N H) (B
1s a complex of presheaves.

Definition 3.1. We say the bottom row of the above bicomplex to be the finite order

variational sequence associated with the finite order C—spectral sequence on' Y — X.
]

The cohomology of the above sequence will be clear in next section after proving
that it is isomorphic with the finite order variational sequence of definition 2.1.

4 Comparison between finite order approaches

In this section, we show the connection between Krupka’s variational sequence and the
variational sequence associated with the finite order C—spectral sequence.

First of all, we provide a simplified version of Krupka’s variational sequence , i.e. , a
sequence which is isomorphic to Krupka’s variational sequence but is made by sheaves
of forms or by quotient sheaves which are quotients between ‘smaller’ sheaves.

In the case 0 < k < n, lemma 2.2| yields immediately the following result.
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Theorem 4.1. Let 0 < k < n. Then, the sheaf morphism h yields the isomorphism

ko ok k
I A /O, — H o] = h(a).

In the case k > n, we are able to provide isomorphisms of the quotient sheaves with
other quotient sheaves made with proper subsheaves.

Proposition 4.1. Let k > n. Then, the projection h induces the natural sheaf isomor-
phism

(8/6,) = (€', nfti, ) fntarern) s o) - hta).

where dker h stands for the sheaf generated by the presheaf dker h, by an abuse of
notation.

PRrROOF. The map is clearly well defined.

k
Also, the map is injective, for if a, @’ € A,., then
[h(@)] = [h(a)] = h(e — &) = hdp
with p € ker h. Hence

a—a =v(a—a —dp)+dp,

k k k
where, being dp € A, and a — o/ € A,, we have v(a — o/ — dp) € A,. Due to hov =0,
we have [ — /] = 0.
Finally, the map is surjective, due to the surjectivity of h. QED

Remark 4.1. Let 0 < s <r. Then, the sheaf injection x induces the sheaf injection
k—n n k—n n
( C /\HQ+1> /h(dker h) — ( C. /\Hf,ﬁrl) /h(dkerh) . O

Theorem 4.2. Krupka’s r—th order variational sequence is isomorphic to the sequence

0
g(] gl Snfl gn
0 A, e

) " h
H, H,

! n ) ] n _
(Cr /\ Hi‘l_'_l) /h(d ker h) £n+l e SnJﬂ,l (C:} /\ H:"l-i-l) /h(dker h) ﬂ, .

where & coincides with dy, and Eg([h(a)]) = [h(da)]. Hence Krupka’s variational
sequence is isomorphic to the variational sequence associated with the finite order C-
spectral sequence, which turns out to be exact.



R. Vitolo 23

Theorem 4.3. (First comparison theorem). We have the identifications

& = d, 0<k< n,

so Krupka’s finite order variational sequence and the variational sequence associated
with the C—spectral sequence coincide up to the degree k = n.

PROOF. It comes from the above theorem and the definition of d. QED

Theorem 4.4. (Second comparison theorem). We have the identifications

d(EP™) = h(dker h),
En(h(@)) = [h(da)],
En(h(@)) = [h(da)], n<k.

where dker h stands just for the presheaf dker h.

PROOF. In fact, we have
d(EP™Y) = WP+ (d ker hP)

p+14+n—1

but h? = h being g =n— 1, and ”#*' =hon A ,, hence d(Ey"™") = h(dker h).
For the two others, we use lemma and observe that £, 0d =¢&,,0&,_1 =0, so

d('H") C ker &,, hence the result follows. QBED

The above results prove that the two formulations yield the same variational se-
quence up to the degree n. Indeed, we can improve this result and state the equivalence
up to the order n + 1.

Proposition 4.2. We have the sequence of presheaf isomorphisms

1 n
(C VAN HT-H) /h(dker h) >~ (C VAN Hr—i-l + 7)) N (C(2T+1’0) AN H2r+1) ~
1 n h 1 n—1 1 n _ 1
(Cr AHyq +dn(Corr—y N H 2r)) N <C(2r+1,0) A H2r+1) <C A Hm) Jd(EZ" ),
where dker h stands for the sheaf generated by dker h and P stands for the sheaf gen-

erated by dh(C(grr A ng)

PROOF. The first isomorphism is proved in [28], and it is built essentially by means
of the first variation formula, as given in [9]. The first variation formula yields a section

1 n
of P for any section of C, A HT 41, but, as it is shown in [9], such a section is indeed
a section of the presheaf dh(C@M A H or) generating P, i.e. , it is of globally of the

form dpp, with p € C (@2rr—1) N H or. Hence, the second isomorphism holds. The last
isomorphism is obtamed in the same way of the first one. QED
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Corollary 4.1. We have the identification E,=E,.

By recalling the intrinsic interpretation in terms of the calculus of variations of the
variational sequence given in [28], we give the following definition.

Definition 4.1. We say each one of the sheaves of proposition to be the sheaf of
FEuler—Lagrange morphisms. O

Remark 4.2. It is very important to note that Krupka’s formulation could be modified
by using as the contact subsequence the presheaf ker A + d ker h. This would yield an
exact finite order variational sequence (exactness is a local matter), with the unique
drawback of the impossibility of computing its cohomology with the de Rham theorem
from sheaf theory. But the sequence obtained in this way would be exactly equal to
the variational sequence obtained with the finite order C—spectral sequence. And the
cohomology of the last sequence has been compute above! O

5 Infinite order variational sequence

In this section, we analyse the relationships between Krupka’s finite order variational
bicomplexes of different orders. In particular, we provide a natural inclusion of the
variational bicomplex of order s > 0 into each variational bicomplex of order r > s.
Then, we evaluate the direct limit of the system of bicomplexes, obtaining an infinite
order variational sequence as the direct limit of the injective system of the finite order
variational sequences. As far as we know, this approach is original.

We have the injective system of sheaves

k
{0s, 7"}

*

Lemma 5.1. [10]. Let s < r. Then, the injective sheaf morphism wi* induce the

injective sheaf morphism
ko k ko k
X5 (AS/@S> — (Ar/@r> o] = 7l .
PROOF. The above morphism Y’ is well defined, because
la] = [8] = [7"a] = |77 6]
k k
The above morphism is also injective, for if a € A; and 3 € A, are such that
(7 a] = 776,

k k k
then, being 7" (o — ) € ©.*A,, and 7" (a — () € O,, we have 7.*(a — 3) € 7" O,
hence [o] = [7]. QED
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Proposition 5.1. We have the injective system of sheaves

(A6,

Remark 5.1. We have the commutative diagrams

4 Kkl k a4 K+l

k

A — A, 0, —— 0,
ﬂg*‘ w* L ‘7{2*

k d k+1 k d k+1

As A s @s S s

hence we have the commutative diagram

We can summarise the above result by stating the existence of a (non exact) three—
dimensional commutative diagram, whose bidimensional slices are the variational bi-

complexes.
]

We define the presheaves on Y

k k
O :=1lim 6, .

—

Lemma 5.2. We have
ko k ko k
A/@ =lim A, /O, .
Lemma 5.3. The sheaf morphisms &, induce the presheaf morphisms

£, (K/@) = (kﬁl/k@) o] > [da]

k
for each k > 0, where, being o € A, for some r, da coincides with the differential of «

k
on A,.
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Theorem 5.1. The following diagram

0 0 0 0 0
1 2 k

0—>0—->0 o+ .51 ¢ e
0 1 2 k
0—R—>A—% A4 A1 L

0 & 1 1 &

2 2
0—— R — A, A/© A/6 Ajo —E
0 0 0 0 0

is commutative, and rows and columns are exact presheaf sequences.

PRrROOF. By the analogous result for finite order variational bicomplexes. QED

Note that & coincides with dj;,. Moreover, the diagram does not become trivial after
a certain value of k, as in the finite order case.

Definition 5.1. The bottom row of the above diagram is said to be the infinite order
variational sequence. O

6 Infinite order C—spectral sequence

In this section we show that the above infinite order variational sequence can be recov-
ered by means of the C—spectral sequence arising naturally from a fibred manifold (see
the Appendix B) [23] 24, 25]. Indeed, we show that the C—spectral sequence induced

by the de Rham exact sequence (A, d) (see Lemma 8.1) allows us to recover the infinite
order variational sequence.

We recall that the C—spectral sequence is the spectral sequence associated with the
cochain complex (A d) and the graded filtration (CPA d)pen, Where

C'A = {v € A | V ssection of Y — X (js)*¢ = 0}

and CPA is the p-th power of the ideal C'A in A. We set C°A = {0}, and CPA = A if
p > k.
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k
Remark 6.1. We have the injective systems {CPA,, 72}, and
k k
CPA = lim CPA;.

Hence, the computations of the infinite order C—spectral sequence can be performed
both by direct evaluation and by direct limit. We will devote little space to proofs in
the infinite order case; the interested reader can consult [23, 24, 25]. O

A version of Lemma (3.2 can be given in the infinite order case. Hence, we can

describe the presheaves CPA. The splitting of Theorem [1.3 yields the result in a much
simpler way, with respect to the finite order case.

Lemma 6.1. Let p > 1. Then, we have

P g
Cprq— CANH f0<qg<n-—1;
- p+q

A ifqg>n.

Lemma 6.2. [25, p.72] We have

p q
EPY=CAH, if 0<qg<n; Ey? ={0} otherwise;
p q+1

P q
ed?=d, . CNH—-CANH.

In other words, the bigraded complex (Ey, eg) coincides with the bigraded complex

(C AN'H, dy), where the bigrading is given by the splitting of Theorem [1.3. Anyway, this
splitting yields the presheaf morphism d, too.

Proposition 6.1. The bigraded complex (CAH,d,) yields a bigraded complez structure
on C*A wia the equalities of Corollary 6.1. More precisely,

p+1 q

P q
dy:CNH— C NH.

We recall that £y = H(Ey), where the homology is taken with respect to the presheaf
morphism dj,. These two facts yield the following Theorem.

* * * *

Theorem 6.1. The above bigraded complexes (C N 'H,dy) and (C A 'H,d,) yield the
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bicomplex
0 0 0
0 1 2
0 A & C o [
dh —dh dh
1 11 2 1
0 H—" L CAH— L CAH—"
dh *dh dh
} } }
n 1 n 2 n
H e(lj’n C A H e}’" C A H e?’n
0 n—1 2 a1 2 -1
dn H dp(CAN H) dp(CN H)
| } }
0 0 0

which contains the direct limit of the finite order bicomplex arising from the C—spectral

sequence on finite order jets.
We have the identifications

EP" = (5 A ﬁ)/d (”El A nﬁl)
1 h )
ar =&

PROOF. It is easy to see that the direct limit of the finite order bicomplex induced by
the C—spectral sequence is constituted by the columns of the above bicomplex together
with the bottom row. In particular, one can see that the above presheaf morphisms
e’ are the direct limit of the corresponding ones of the finite order case. QED

7 Comparison between infinite order approaches

We evaluate the direct limit of the simplified version of the variational sequences of
order r, given in theorem [4.2. Clearly, this limit turns out to be isomorphic to the
direct limit of finite order variational sequences.

Remark 7.1. Let 0 < s < r. Then, by recalling the injective morphism of remark 4.1,
we have the injective system of sheaves

k k—n n
{H 77} if 0<k<n, {(cﬁAHﬁ+1>/h(dkerh),Xg} if n<k,

AR

kook
which is isomorphic to {As/O;, X~} O
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Lemma 7.1. The following inclusions hold

k—n n—1 k
h(dkerh) C dy( C A H" 1) C h(O,41) = h(dkerh).
PRrROOF. By using the decomposition d = dj, + d,,. QED

Proposition 7.1. Let k > 1. Then, we have the natural i.somorphisms

k ko k
(6) A/O~H, if 0<k<n
k k 7n+1 n—1
(7) A/@:(C /\7'()/d;Z AN H) if n<k.
So, the infinite order variational sequence is isomorphic to the following sequence
0 1 n
0 A &o H &1 N En—1 H En
—1 gn+1 gn+i71 7 n Z+1 n—1 5n+i
C/\H/dhC/\H) (CAH)/dp(C NH) —"

where & coincides with dy, if 0 < k <n, and &([a]) = [dy ()] if k > n.
PROOF. In fact, the isomorphisms (7) come from the above lemma. We have to
prove that & ([a]) = [d,(a)]. But we have av = h(/3), and

Ex([a]) = E([n(B)]) = [M(dB)]
with
h(dB) = h((dn + dv)(h(B) +v(B)) = du(h(B)) + dn(v(B)),
hence the result. QED

Thus, we have provided the infinite order analogue (indeed, the direct limit) of the
sequence of Theorem 4.2. As for the comparison between the above sequence and the
infinite order variational sequences associated with the C—spectral sequence, we note
that the results of theorems4.3) and proposition 4.2, and even remark 4.2 hold in
the direct limit.

Theorem 7.1. The infinite order variational sequence provided by the direct limit of
Krupka’s variational sequence and the infinite order variational sequences associated
with the C—spectral sequence are isomorphic up to the degree n + 1.

In partzcular the space of mﬁmte order FEuler—Lagrange morphism turn out to be

C(*O /\H whereC*o) = thT,o

PRrROOF. The first part comes from the above quoted results, and the last assertion
comes from the following inclusions

1 n
<C A Hr—i—l + P) N (C(2r+1,0) N H2r+1) -
1 n
C Ciar41,0) N Happr C

1 n 1 n
- <62r+1 A ngH + 77> N <C(47’+3,0) A H4r+3> . lQED
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8 Conclusions

We have shown what are the relationships between two of the most important geometric
formulations of Lagrangian formalism. Moreover, we provided two new formulations,
each of which is inspired by one of the above two.

We stress that each formulation can be carried on independently, giving rise to
two exact sequences with the same cohomologies, and any of the two yields the same
information for the Lagrangian formalism up to the degree n + 1.

As for the degree n + 2, we recall [10] that this yields information on the local
variationality of Euler—Lagrange operators, and there exists an intrinsic formuations of
the conditions of local variationality (Helmholz morphism, see [28]). At the present
moment we are studying the equivalence of the sequence at the degree n 4 2, and we
found an equivalence up to the order » = 2. We stress that there is no interpretation in
terms of the geometric objects of the calculus of variations for sections having degree
k>n+2.

Appendix A: direct sums and exterior products

Let V be a vector space such that dim V' = n. We recall that the box product (see, for
example, [7]) of r linear morphisms ay,...a, : V' — V is defined to be the linear map

allj...DaT:/r\V—Mr\V:

VA AV Z |0\a1(va(1)) ARERWA av"(Ua(r)) .
UES'I‘

where S, is the set of all permutation of order r. The box product fulfills

a0, .. Oa, :ag(l)D...Daa(T) Voebs,,

.,
ald...Oa=r'Na;

k k
so, O yields a map ®(End(V)) — End(AV).

We have a remarkable feature of the box product. Suppose that V' = W, & W,, with
p1:V — Wi and py : V' — Ws the related projections. Then, we have the splitting

m k h
(8) ANV = AW AN, ,

k+h=m

k h
where AWy A AW is the subspace of AV generated by the wedge products of elements

k h
of AW; and AW,. The projections py, j, related to the above splitting turn out to be the
maps

1 k A m k h
Di,h = WD 100y - AV — AW A AW, .



R. Vitolo 31

Remark 8.1. Let V/ C V be a vector subspace, and set W{ := p(V'), W5 = po(V’).
Then we have

Vicwl oW,

but the inclusion, in general, is not an equality.

Appendix B: spectral sequences

In this section, we give the basic material on spectral sequences. In the first subsection
we recall the definition of spectral sequence, togheter with some preliminar concepts. In
the second subsection we give the notions of exact couple and derived couple. The third
subsection is devoted to the definition of spectral sequence associated with a filtration
of a given complex. The interest reader can consult [3,/12, 14, 18] for more details and
applications.

Spectral sequences

In this subsection we give some preliminar definitions. Note that we will introduce
graded groups and maps with degrees in N rather than Z. This is due to the fact that
in our applications we will not need a grading in Z.

Definition 8.1. A differential group is defined to be a pair (A, d), where A is an
Abelian group and d : A — A is a group morphism such that d? = 0, or, equivalently,
imd C kerd.

The morphism d is said to be the differential of A.

The homology of the differential group is defined to be the abelian group

H(A) := kerd/imd. O
Definition 8.2. A graded differential group (of degree g) is defined to be a pair (/*X, d),
where

* k
A= Gren A

is a graded Abelian group and d : A — A is a graded morphism of degree g, i.e.

k k+g

d(A)C A,
such that d? = 0, or, equivalently, imd C kerd. O

We recall that a cochain complex is a sequence of morphisms of abelian groups of

the form
do 1 d1 2 do

0
0 A A A




32 On formulations of Lagrangian formalism

such that dyyi0d, = 0. This last condition is equivalent to imdy C kerdg,1. A cochain
complex is said to be an exact sequence if imdy = kerdy ;. To each cochain complex
we can define the cohomology group

H*(A) = ®penH"(A),

where

*

H*(A) == (kerdy)/(im dj_1) .
The cohomology groups vanish if and only if the cochain complex is an exact sequence.

Lemma 8.1. There is a bijection between graded differential groups (A, d) of degree +1
and cochain complexes

0 1 2
0 L W N (P

Moreover, the homology of (A, d) coincides with the cohomology of the corresponding
cochain complex.

So, we identify any graded differential group (A, d) of degree +1 with the cochain

complex associated with (A, d) via the above Lemma.

Definition 8.3. We define a spectral sequence to be a sequence of differential groups

(En, en)nen
such that
E..1=H(E,).
We say that the spectral sequence converges to F, if £, = Ej for any k > r. O

Exact couples

Definition 8.4. An ezact couple is defined to be a pair (@, S) of abelian groups togheter
with an exact sequence of morphisms

S
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Remark 8.2. If (Q), S) is an exact couple as above, then the pair (Q, e), where e := 704,
is a differential group. In fact, (7 0 §)* = 0 due to the exactness of the above diagram.
]

Proposition 8.1. Let (Q,S) be an ezxact couple, as in the above definition. Then, the
pair (Ey,S1), where

together with the diagram

S1 n Sl
1
where
i1 :4(S) = i(S) +i(s) w i(i(s))
m 2 i(S) — H(Q) :i(s) — [7
) .

1s an exact couple.

PROOF. One has to check that the above maps are well defined, and that the above
diagram is commutative and exact. This is straightforward. QED

The above exact couple is said to be the derived couple. The pair (Ej,e;1), where
e 1= m 0 01, turn out to be a differential group.
We can consider iterated derived couples; namely, we set by induction

(Eo, So) = (E,5);
(Bni1; Snr1) == ((En)1, (Sn)1) Vn>0;

analogously, we define i, m,,d,,€e,. So, we have the sequence of differential groups
(En, €n)nen, and the following obvious result.

Proposition 8.2. Any exact couple (E,Q) yields a spectral sequence (Ey,,€,)nen.
Remark 8.3. We remark that, if () and S are graded abelian groups, i, 7 are graded

morphisms of degree 0 and § is a graded morphism of degree +1, then (E,, €, )nen is a
spectral sequence which is made by graded differential groups. O
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Filtered differential groups

Let (A, d) be a differential group. A differential subgroup is defined to be a differential
group (C,d’) such that C C A is an abelian subgroup and d’ = d|c. We will denote d’
by d, by an abuse of notation.

Definition 8.5. We define a filtration of a differential group (A,d) to be a sequence
of differential subgroups (C?,d),en of (A,d), where C° := A, which is decreasing with
respect to the inclusion, namely

A=C">C' oC*o ...

If there exists [ € N such that C' # {0} but C* = {0} for k > [, then we say that the
filtration has finite length .

If (CP,d)pen is a filtration of (A,d), then we say (A, d) to be a filtered differential
group. O

Let (CP,d)pen be a filtration of (A, d). We define the abelian groups
QF =cr/crtt, Q= Gpen Q.

Lemma 8.2. For each p > 0, the morphism d passes to the quotient CP/CP*L. The
induced graded morphism of degree 0 d : Q — Q fulfills d> = 0. Hence, we have the

graded differential group (of degree 0) (Q,d).

The pair (@, d) is said to be the graded differential group associated with the filtra-
tion. Moreover, we define the graded differential group (of degree 0)

S = @pen CP.
Lemma 8.3. We have the graded exact sequence of graded differential groups
' S 0 0
where i|ep+1 : CPT1 — CP is the inclusion map, of degree —1, and

Ter : CP — CP /CPH

K3 ™

0 S

1s the natural projection, of degree 0. The maps i, m commute with the differentials in
the domains and codomains.

Passing to cohomologies, we obtain the exact sequence

HA(S) — H*(S) — " H*(Q) 2+ H*'(S) — ...

which yields the exact couple

H*(S) H*(S)
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where ¢ is the Bockstein operator, of degree +1, and the graded differential group
(H*(Q),e), where e := 7 o § has degree +1, and e* = 0. We stress that i : H*(S) —
H*(S) is no longer the inclusion map.

Remark 8.4. We recall the definition of the Bockstein operator in this context.

Let [a] € H*¥(Q). Then, being 7 surjective, we choose 3 € S* = C* such that
7(B) = a. We see that 7(df) = dr(8) = 0, hence due to the exactness, there exists
a unique v € S¥1 = C*1 such that i(y) = dB (actually, v = df3, because i is the
inclusion map). Finally, d3 is closed in S*¥*!, due to d?3 = 0, but it is not exact in
Sk+1 hence it determines a class [d3] € H*™(S). We can easily prove that

6 : HHQ) — H"(S) : [a] = [df]
is well defined. Ll

Theorem 8.1. Let (A,d) be a differential group. Then, each filtration (C?,d)pen of
(A, d) induces a graded spectral sequence (E, e¥),en (see Remark(8.3) as follows

EO = Qa = CZ

(EY,ST) :=(H ( ), H*(9)), ep ’=e=mod;

(B, Sy) = (H*(Ey,), " (H*(5))), €n {= Ty O Op

Note that (Ep, S) is not an exact couple, but (Ey, eg) is a graded differential group
(of degree 1).

Definition 8.6. Let (A,d) be a differential group with a given filtration. We say

(Er, eX)nen to be the (graded) spectral sequence associated with the filtered differential
group (A, d). O

Remark 8.5. We have an important particular case of filtered differential group.

Namely, suppose that (A, d) is a graded differential group (of degree +1), and (C?, d)pen
is a graded filtration, i.e. a filtration by graded differential subgroups whose grading is

compatible with the grading of (/*\, d).

The spectral sequence associated with (A, d) is a sequence of bigraded complexes
(EX* ex*). More precisely, we have the bigraded differential groups

n n
p+qP qp g—1PH1
*7* - *’* .
S 1= @pgen €, QY= @peenC /C
L D.q
Er = @ EP
p,qEN

where p is the filtration degree and p + ¢ is the degree induced by /*\; q is said to be
the complementary degree. The morphisms ¢, 7, d turn out to be bigraded morphisms
with bidegrees (—1,+1), (0,0), (+1,0) respectively. Moreover, it can be proved that
the maps i,, m,, d, have bidegrees (1,—1), (n —1,—n+ 1), (+1,0), respectively, hence

ePd . [P pPimas ntl O
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As for the graded case we have a very important result.

Theorem 8.2. Let (/*\,d) be a graded differential group (of degree +1) with a graded
filtration (C?,d),en. Suppose that to any degree n € N the filtration (C?, d)yen has finite

length. Then, the spectral sequence induced by the filtration converges to H*(A).

PROOF. It can be easily deduced from the definitions [3, p. 160]. QED
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